The co rre lation radiometer is analyzed to determine the sensitivity that can be obtained under various o perating conditions.
Introduction
The use of correlation tec hniques in radiometry has been suggested recently by several workers [Strum, 1958; Blum, 1959; Colvin, 1961 ; Allred, 1962] . One of the major reason s for this interest is that by usin g co rrelation tec hnique s, it is poss ible to build a radiometer in which amplifier gain flu c tuation s co ntribute less to the flu c tuation s prese nt in the output of the instrument than they do in th e con venti onal radiometer; thu s, the correlation radiometer might be expected to be superior to the conventional radiometer und er co nditions in which gain fluctuations are important. Strum [1958] has pointed out that as the noi se level in a co nventional radiometer system is reduced, the fluctuations due to changes in amplifier gain become more serious; therefore , at cryogenic tempera· tures it is very important to reduce this con tributi on to the total radiometer fluctuation . Thus, it was felt to be desirable to calculate the sensitivity obtainable from in strum e nts of this type.
The analysis was carried out on the correlation receiver shown in figure 1. Although several differe nt types of correlation receivers have been suggested in the literature , the operation of alJ of them is quite simil ar to the one c hosen here. Therefore, the results obtained here should be applicable with appropriate modifications to many of the correlation radiometer circuits in the litera ture.
The first proble m to be considered (see sec. 2) is the calculation of the sen s itivity of a radi omete r with amplifiers whose gain and passband are identical but wit h djffere nt effec tive tempera -*Thi s resea rc h was supported by the Advan ced Researc h P ro ject s Age ncy under Proiect DEFENDER and was monitored hy M. I. WilOw un der A RPA Order Nu 5 t5. ** Radio Sta nd ard s Labo ra tory. NBS Laboratories. Bou lde r, Colo. 80302. Perma nent add ress , Colo. Slate Un iversit y, f l. Collins. Colo. 80521.
FIGURE l. Radiometer circuit.
tures at the input circuit. These calculations are carried out for two types of input signals: (1) both input signals consist of white noise and , (2) one input signal is white noise and the other is sinusoidal. The first case was selected because it corresponds to the problem considered by Colvin [1961] , and the second was chosen because it was the problem considered by Allred [1962] . Throughout this calculation, all filters are assumed to have a square passband. This assumption is made because it allows the results of the calculation to be written rather explicitly and thus it is easy to see the physical significance of the results. When it is desired to apply these results to a real radiometer with filters that are not square, it is only necessary to use the formalism of Colvin [1959] that expresses the effective bandwidth of a filter in terms of a convolution integral. Thus, this generalization can be carried out rather simply. Section 3 is an analysis of the correlation radiometer in which it is assumed that the two amplifiers have different gains and different response curves.
Section 4 deals with the same circuit, but here the effect of variation in phase and in time delay of the signals in the two amplifiers is considered.
Finally, section 5 deals with some effects produced by an imperfect multiplier.
Sensitivity of an Ideal Correlation Radiometer
The circ uit to be analyzed is shown in figure 1 . Two noise sources, designated X and Y, are connected to opposite arms of a matched hybrid junction. The signals from the other pair of arms are applied to amplifiers whose transfer functions are R1(w) and R2(w) respectively. The outputs of the ampllfiers are multiplied together and the product is filtered with a smoothing filter (low pass filter). The output of the smoothing filter is displayed on a d-c instrument.
As the following analysis will show, the average value of the deflection of the output instrument is proportional to the difference in noise temperature of the two sources, X and Y. Thus, when the two noise sources have the same effective temperature, the average value of the output deflection is zero and the radiometer is said to be balanced. The instantaneous deflection is a stochastic function of the time ; thus the random fluctuations of the output deflection produce an uncertainty in the experimental conditions that correspond to a balance.
The sensitivity of a radiometer is usually defined as the change in temperature of one of the noi se sources that will produce a deflection whose magnitude is equal to the root mean square of the output fluctuation. Therefore, in order to calculate the sensitivity of a radiometer it is necessary to obtain expressions for both the rms value of the output fluctuation and the change in average deflection per degree change in effective temperature of one of the noise sources.
In this section the assumption will be made that the two amplifiers have the same power transfer function, and for simplicity, a "square passband" will be assumed.
If x(t)
is the signal voltage due to source X that leaves each amplifier, and y(t) is the signal voltage due to source Y that leaves amplifier 1, the signal voltage -y(t) due to source Y must leave amplifier 2. It will be further assumed that the amplifiers introduce noise voltages ZI and Z2 respectively.
Since the random functions x(t), y(t), ZI(t) , and Z2(t) represent noise from physically separate noise generators, it will be assumed that they are mutually independent. It is also assumed that each is a second order, stationary Gaussian process possessing a continuous spectral density function. These assumptions imply that the processes are ergodic so that :time averages and ensemble averages coincide. It is also assumed that each of these functions has zero mean.
If the output of amplifier 1 is d esignated by VI and the output of a mplifi er 2 by V2, then
(1) and (la)
The multiplie r will be assumed to have a respons e law s uch th at (2) whe re u is the voltage output and a is a constant of proportionality.
F or any random quantity ~, let I be the expectation or ensemble average of g. (This is the equivale nt of the notation E(~) used in the literature of mathematical statistics.) Using the independe n ce and normality of the random processes and the fact that each process has zero mean, the autocorrelation fun c tion of u is (5) When (4) is applied to (3), the result is Th e Fourier tran sform of the autocorrelation fun ction of a process is the spectral density of the process. Further, the Fourier tran sform of a product of fun ctions is the convolution of the Fourier tran sform s. Thus, designatin g the spectral de nsity by Q, and the convolution operation by *,
Case I. Consider both X and Y to be white noise generators at temperature Tx and Ty respec· tively. When the spectral densities are evaluated, it is necessary to consider the power division that takes place at the hybrid junction. These spectral densities are (see appendix) (8)
Thus, using 0' to designate the portion of the spectral density that contributes to fluctuations, this portion of (7) becomes
With the assumption that the two amplifiers have the same effective noise temperature, this becomes
If the smoothing filter has a power .response G(j), the output power spectrum from the smoothing filter is
It is well known that integrating a power spec trum over all frequencies results in the mean square of the output voltage or current; so if the output voltage from the smoothing filter is w (t) , and G(j) represents a square pass filter of width b, then (12) where Go is the power response of the filter at zero frequency . The fluctuations at balance are required, so the balance condition is substituted into w 2 • The balance occurs when T.r = Ty , so for balance (13) Therefore, in terms of an rms voltage Next , we calculate the deflection arising from a certain imbalance of the input signals. From (2) u= aVIV2 = a(x+ y + zd (x-Y+Z2) , Zl(t) and Z2(t) are all uncorrelated, when (15) is averaged over time, the result is
Again applying the th eo rem that the integral of the power spectrum ove r all frequencies is the average square of a function, (16) becomes (17) In order to examin e th e effect of a small imbalance, set
The n
The res ulting signal at th e output of th e s moothing filte r is (20) As is usual in radi ome te r calc ulation s, the assumption is mad e that the minimum detectable signal occurs when the deAection is eq ual to WI'ITIS' Thu s, eq uatin g th e ri ght·hand sides of (14) and (20), the co nditi on correspo ndin g to minimum detectable s ignal res ults; i.e.,
Thu s, th e minimum detectable temperature differe nce is (22) Case II. Let Y produce a sinusoidal signal, so that
The expression for IJiX2 -Y2 is needed, so it will be calculated first. From the previous calcu· lation, it is known that Thus, it is necessary to co mpute lJiy2:
Making use of the above and (5), the result is
From this, the power spectral density is
Since the present calculation is to compute the fluctuations occurring in this radiometer, only the terms that contribute to the fluctuation need be considered; therefore they will be expressed as (30) where Q~(f) denotes the fluctuating portion of Qu.
All of the evaluations of the convolutions that occur in (30) can be taken from (8), except Qy*Qzl; which is, where Qy is given in (23). Thus,
Since QZI is assumed to be constant through the passband, whenfo is in the passband andf is small, this convolution becomes (32) The refore (33) By analogy with the pre vious calculation, the spectral de nsity of th e output of th e filter can be written as
and Th e d oc term of (29) indicates that the system is balanced when k1'.LB = v 2 (2. the ex press ion, it will be ass umed that 1'z, = 1'z2. Then , at balan ce Also, to simplify (35) By analogy with the previou s calc ulation, a root mean square flu c tuation amplitude may be defin ed by (36) As me ntioned previo usly , in order to arrive at the radiom e ter sensItivity, two parame ters mu s t be co mputed . Th e first is W rms, which is give n in (36). The seco nd is the c hange in de fle ction due to a s mall chan ge in te mpe rature of th e thermal so urce. The deflection sensitivity will be th e sa me as it was in the previous calc ulati on, so it is Again, the minimum c han ge in te mperature that is observable will be taken to be a c han ge that produces a de fl ection eq ual to th e w rm s• Therefo re a nd the final result is
When this re s ult is co mpared with (22), the se nsitivity of a radiom e te r with both s ignals assumed to be white noi se, it is evid e nt that thi s in s trum e nt has a so mewhat hi gher se nsitivity. This is particularly tru e in the case that the input signal is th e dominant noise in the sys tem and thus sets the Au c tuation level. In thi s case th e improve me nt in sen sitivity approaches V2.
Radiometer With Dissimilar Amplifiers
In sectio n 2 th e assumption was made that the two amplifiers were identical, except that they were allowed to have diffe re nt e ffective temperatures. Here the more general problem , in which the two amplifiers may differ with respect to other parameters, will be considered.
The considerations are limited at first to a case in which the two amplifiers have th e same shape of gain function but with differing gain amplitudes. If H, (w) is the complex voltage gain of th e fir s t amplifier, then the complex voltage gain of the second will be taken to hav e the form (38) whe re aCt) is a stoc hastic function.
If x ,(t) is th e signal resulting from amplifying the signal from the source X (this signal is l(t ))
with th e first amplifier and X2(t) is the res ult of amplifying let ) with the second amplifier, then a straightforward F ourier analysis s how s that
and a similar relationship occurs for the signals y , (t) and Y2 (t) that arise from the signal m (t) from the source Y. This notation is summarized in figure 2 .
Th e most ge neral form of the autocorrelation function of the sum of two random fun c tions is
From thi s it follows that From (39) it follow s that
By means of a similar line of reasoning, e ve ry term in (41) can be put into a form similar to that in (42). Thus, again (44) and in the same way (45) and (46) where z: is the signal that would result if the noise signal n2(t) (the equivalent noise generated in the input of the second amplifier) were amplified by the first amplifier. When these terms are all collected ogether, the result is
Notice that in thi s case the second and third terms of (41) are cancelled by the s ixth term. In order to simplify the analysis, we will co nsid er two cases : (1) a a constanr, ind epe nd e nt of ti me, and (2) a(t) a random variable with ex = O.
Case 1. When a is a co ns tant inde pendent of time, it is elementary to show that
Thus Th e refore , both the doc and the fluctuation terms are multiplied by (1 + aF-Since this affects both the fluctuations and the deflection by the same amount, the sensitivity is not changed.
Case II. Assume that a(t) is a random function of time, such that a=O. At balance the term (xi -yi) = 0, so using a prime to denote quantities evaluated at the balance point, the result is (50) From this the spectral de nsity is
Notice that (51) is similar to the result that is obtained in the case of identical amplifiers; the only differe nce is that the prese nt res ult is the convolution of the original result with (1 + Qa).
Th e spectral de nsity of the multipli e r output is where Qr,r z is given by (51). The spectral density at the output of the low pass filter is 
Following the same line of reasoning that was used from (11) to (14), the root mean square fluctua· tion on the output can be seen to be While the above expression for the reduction in radiometer sensitivity has been derived only in the case of white noise and amplifiers with square baridpass, examination of the integral that leads to (54) shows that the result will be qualitatively similar even in a less idealized case.
The next consideration will be to calculate the sensitivity ofa radiometer with differing amplifi er gain functions · (transfer functions). In general these amplifiers could have differing center frequencies , and also the shape of the gain·frequency functions could differ.
The average square output can be expressed as
where G(j) is the power tran sfer function of the low pass filter. Th e input to th e filter is given by (2) By means of the theore m expressed in (4), the autocorrelation function of ucan be put into th e form Recalling that and similar relation ships exist for the other variables, the spectral density of u becomes
The form of the last term arises from the theory of cross-spectra [Goodman, 1957; Korn and Korn, 1961J . The co mplete expressio n for the spec tral density of the multiplier output is obtained by evaluatin g (58). From the resulting expression the Auctuation amplitude of the radiometer can be obtained by following the same procedure used previously.
Nex t it is necessary to calcula te the average deAection res ulting from a particular combination of input signals. This can be ob tain ed by evaluating (2) of the si mple theory in this more general case.
First, consi der
Of th e six random variables that appear in the right-hand term of (2), th e only correlations that are not zero are the partial correlations of Xl with Xz and of Yl with Yz. Therefore this expression reduces to u = a(xlxZ -YlYZ). In the theory of cross-correlations, it is shown that [Korn and Korn, 1961 ] th e tim e average of the cross correlation of X I and Xz can be express ed as (HIHi+ H~HJQldj; (61) 163 l where the symbol ( ) is used to indicate a time average. The final form of (61) results from the fact that Sx, = HIS1, etc. Also, due to the fact that the random processes are ergodic, the time average in (61) may be replaced by an ensemble average.
In the same way
. (62) Therefore ,
The above expression leads to the following conclusions: (1) In case the two sources have the same form of spectral density over the amplifier bandwidth, balance occurs independent of the amplifier response curves. Thus, for white noise, balance occurs when TI = T",. 
In this case (67) If the smoothing filter has a response function at zero frequency given by Go, then
Again the assumption is made that the minimum detectable change in deflection is a change ~qual to the rms value of the fluctuations. The minimum ~tectable value of !l.T is evaluated by equating the right·hand side of (68) and the square root of w 2 • Using the fact that
the result is (69) When this solved for !:1T, th e result is (70) Equation (70) is the general expression for the sensitivity of a correlation radiometer with amplifiers with differing complex gain functions. In order to interpret this result and obtain a feeling for the importan ce of the various parameters, it is convenient to look at two examples.
First the case of two amplifiers with square gain functions centered on the same frequency 10; the first amplifier with bandwidth B1 and gain R? and the second with bandwidth B2 and gain Rg will be considered. To be specific, it will be assumed that B1 > B2• It will be assumed that no phase shifts occur in these amplifiers.
In order to evaluate (70) it is necessary to evaluate the various terms of (58), recalling that the num erator of (70) contains only fluctuation te rms; i. e., any d·c contrib utions must be ignored. It is reasonable to evaluate the convolution integrals that occur with the restriction that 1 is small enough that B2 is e nclo sed within 8 1• When these evalu ations are carried out with the assumptions th a t th e radiometer is balanced and also that the low pass filter has a sq uare passband of width b, th e res ult is When thi s is compared to the similar r es ult from the s imple theory , for example (14), it is evident that the bandwidth that se ts the fluctuation level is 8 2 , the narrower of the two amplifier bandwidths.
Also, the amplifier gain s appear as the product R~R~.
The de nominator of (70) mu s t also be evaluated under th e same conditions. This involves evaluatin g the integral where HI and H 2 are the di scontinuous real functions as defi ned above. When this is carr ied out, the res ult is [denominator of (70)] =~ q /2 k(4R?R~B2) .
These results lead to
Thus, in this case the same sort of expression is obtained as in the case of the simple theory except that the bandwidth of the narrowest amplifier sets the sensitivity.
Finally the case of two amplifiers with square bandpass with identi cal bandwidth but tuned to slightly different center frequencies will be considered. Again phase s hifts will be neglec ted , the complex gains will be treated as real positive fun c tion s, and the radiom e ter will be assumed to be balanced. The resulting sensitivity is
where Bo is the "overlap bandwidth" or the frequ e ncy interval co mmon to both amplifiers.
. Effect of Variation in Ti me Delay a nd Phase in the Amplifiers of a Correla tion Type Radiometer
Here it will be assumed that a differential variation in time delay can occur to the signals in the two amplifiers. Thus, at any instant the multipli er is comparing voltages corresponding to two different instants of time. Therefore, the multiplier output can be expressed as (74) wh ere T is the tim e delay differe nce in the two signal c hann els. In order to simplify this analysis, the assumption will be made that the two radiometer c hann els are id e ntical except for the dif· ference in time delay. Thus the voltages that are multiplied together are (75) Equation (7) s hows that th e fluctuation level of the radiometer depe nds only on convolutions of power spectra. Since thes e are not a function of T, the fluctuation leve l does not vary as a result of a differential time delay. Therefore, th e change in se nsi tivity will be related to the c hange in average deflection caused by the tim e delay.
The change in average de flec tion can be obtained fro m
u(t , T) = [x(t) + y{t) + ZI(t)] [x(t + T)-y(t +T)+ Zt(t + T) 1 = X(t)X(t+T) -y(t)y(t+ T)=tjJ,AT)-tJ;y(T). (76)
The Wi en er·Khintchine theorem allows this to be put into the form (77)
In order to be able to evaluate the above integral, it is convenient to consid er that both so urces generate white noi se and the amplifiers have square bandpass of width B centered on fn. Thus , in this case,
Th is can be put in more convenient form by noting that
For th e us ual case in whic h B <f" fo and T is on the order of l/j;" this can be approximated by --
Thus , in the c ase of white noise sources and sq uare bandpass amplifi e rs, tim e delay variations will not influence the balance point. They will affect se ns itivit y, however. For maximum sensitivity, it is importa nt to kee p the differenc e in tim e deJay in th e tw o amp lifi e rs s mall enough that cos 27rT/o is app roxim ately unity.
A somewhat related question is the effect of a diffe renti al pha e c ha nge in the two a mplifiers . Again assuming white noi se so urces and amplifi e rs th a t a re id e nti ca l excep t for the phase s hift , the average deflec ti o n ca n be computed by means of (63). With th e a s umpti on tha t (81) this equati on b eco mes Thi s can again be ex pressed in the form
Some Effects of Using an Imperfect Multiplier
Th e simples t fo rm of multipli er to multiply two mi crowave signals toge ther is proba bJy tha t show n in figure 3. The input s ignals (V I and V2) are applied to two opposite arms of a hybrid junction. The oth e r pair of opposite arms are terminated by s quare law detectors. The outputs from these de tec tors are applied to a difference amplifier. In case the hybrid Tis matched , the detec tors have th e sa me se nsitivit y a nd th eir reflection coe ffi c ie nt is zero; and, if they are assumed to have a perfect squ are law envelo pe response, th e output voltage z will be (83) wh ere a is the coeffi cient of pro portionality in th e multipli er law . Thu s, (84) In a n actual multiplier cons tru c ted on thi s principle , the ideal conditions s uggested above will be only approximated. Thus, the output will not be an accurate multiplication of the input signals. A scattering matrix analysis of th e multiplier junction indicates that if the junc tion is matched and perfect, the wave arriving at the detectors is equal to that assumed in the ideal case as long as either pair of leads are terminated in matched loads. Since the detectors (if bolometers) can be quite accurately match ed , thi s will probably not be the phenomenon that se ts the multipli e r acc uracy. This accuracy can de pe nd on the accuracy of the " square law" of th e de tectors, however.
FI GURE 3. Mi crowave rnultiplier.
In order to investigate the effect of the detector law on the multiplier accuracy, assume that both detectors follow the same law. If one detector is more sensitive than the other, the in coming signal can be attenuated, so that , referred to the input of the attenuator, the two detec tors are assumed to have the same law with the same numeri cal coefficients. Thus, the voltages from the detectors can be expressed as power series
Then the multiplier output is
II
Vz Vz (86) These terms may be expanded with the binomial theorem; the result is .J
The s moothing filter provides an estimate of the average of the multiplier output; thus it is neces· s ary to compute z. This is,
The result is that if X4 -l' = ° at the same conditions that XZ -r = 0, the balance condition is not affected by any term up to the fourth in the crystal law expansion. This would be the case if both x and y are signals with the same statistical properties; for example, if both are thermal noise so urces, they both possess Gaussian statistics. However, in the case that the two signals have different statistical properties, (x 4 -y4) would not necessarily equal zero when (x 2 -i) does. Thus, in this case, it is important to select de· tectors that are accurately square law.
Conclusions
The sensitivity of a correlation radiometer has been computed under a variety of conditions. In section 2 a very simplified calculation is used to derive the usual expression for the sensitivity of the radiometer. This is followed by a calculation of the sensitivity of a radiometer of the type s uggeste d by Allred (1962) in which the unknown noise signal is balanced against a sinusoidal reference signal. By performing these two calculations in an analogous manner, it is particularly easy to co mpare the sensitivities that res ult. In the case that the output fluctuations are pre· domin a te ly du e to the input noise signals, Allred's radiometer is more sensitive than the conven· tional circ uit th at compares two noise signals.
The first part of sec tion 3 demonstrates that it is not necessary for the I wo amplifiers to have the same gain . The calc ulation shows that the produ ct of th e gain s is th e parameter that determines the output amplitude, instead of the individual amplifi er gain s. Next , it is s hown that gain fluctuations prod uce a decrease in sensitivity. The last part of thi s sec ti on is concerned with the effect of using two di ss imilar amplifiers. A general expressio n is ob tained for th e se nsitivity of a radiometer with ampl ifiers with arbitrary gain function s. Thi s expression is e valuated for the case of amplifiers wi.th square bandpass and no phase shifts. It is s how n that und er th ese co ndition s, whether the two amplifiers have the same bandpass and diffe re nt cente r fre quenci es or wheth e r they have th e same ce nter frequency and different bandwidths, the ensitivity is de termin ed by the "overlap" bandwidth.
Section 4 deals with the effect of a differential time delay or differential phase s hift in I he two radiometer channels. It is shown that both of these effects result in a decrease of se nsiti viI y.
Finally in section 5 it is shown that, if the multiplier carries out the multiplication operation by forming the difference of the squares of the sum and difference of the two input signals , errors can result if the "square law" elements do not have a perfect square law response and if the two input voltages have differing statistical distributions. Thus , the radiometer proposed by Allred, in which the comparison signal is sinusoidal, places a more stringent requirement on the multipli e r than does the more usual correlation radiometer , in whi c h both input signals are Gaussian noise.
Appendix-Evaluation of Convolution Integrals
Assume a random signal with white spectral d ensity amplified by an amplifier with square passband as shown in figure A-I.
If the spectral density of the input signal is Qo as measured, the amplitude of Qx is RQo/2, where R is the power gain of the amplifier. The division by 2 occurs because the spectral density is assumed to be split equally between the positive and negative frequency regions_ Then, Qx*Q x= f QX(j_fl) QX(j' )df'. The valu e of this integral for small values of the parameter fis required. The term QAf-1') has th e same shape as QAI') except that it is displaced an amount f and inverted on the frequency axis, as shown in figure A-2. Since the integrand is the product of these two function s, the value of the integral is the product of the amplitudes of these functions times the frequency interval over which the product is nonzero. Thus, for f< B.
In this paper, the value of this integral is required under the condition that f ~ B. To this approximation, the result is
In general, the convolutions of the other spectral densities appearing in this paper are evaluated in the same way. The reason that the various convolutions of power spectra that are used hav e differing numerical coefficients is that the hybrid junction at the input of the radiometer divides the input powers; however, the noise powers appearing due to the effective input temperatures of the amplifiers do not undergo this power division .
(Paper 71C1-253) 
